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In this paper it is studied the cosmology of a homogeneous and isotropic spacetime endorsed with a
conformally coupled massless scalar field. We find six different solutions of the Friedmann equation
that represent six different types of universes, all of them are periodically distributed along the
complex time axis. From a classical point of view, they are then isolated, separated by Euclidean
regions that represent quantum mechanical barriers. Quantum mechanically, however, there is a
non-zero probability for the state of the universes to tunnel out through a Euclidean instanton and
suffer a sudden transition to another state of the spacetime. We compute the probability of transition
for this and other non-local processes like the creation of universes in entangled pairs and, generally
speaking, in multipartite entangled states. We obtain the quantum state of a single universe within
the formalism of the Wheeler-DeWitt equation and give the semiclassical state of the universes that
describes the quantum mechanics of a scalar field propagating in a deSitter background spacetime.
We show that the superposition principle of the quantum mechanics of matter fields alone is an
emergent feature of the semiclassical description of the universe that is not valid, for instance, in
the spacetime foam.
We use the third quantization formalism to describe the creation of an entangled pair of universes
with opposite signs of their momenta conjugated to the scale factor. Each universe of the entangled
pair represents an expanding spacetime in terms of the WKB time experienced by internal observers
in their particle physics experiments. We compute the effective value of the Friedmann equation
of the background spacetime of the two entangled universes and, thus, the effects that the entan-
glement would have in their expansion rates. We analyze as well the effects of the inter-universal
entanglement in the properties of the scalar fields that propagate in each spacetime of the entangled
pair. We find that the largest modes of the scalar field are unaware of the entanglement between
universes but the effects can be significant for the lowest modes, allowing us to compute, in principle,
more detailed observational imprints of the multiverse in the properties of a single universe like ours.
PACS numbers: 98.80.Qc, 03.65.Yz
I. INTRODUCTION
Quantum cosmology [1–7] is the application of the
quantum theory to the universe as a whole. As a first
approximation, this can be modeled by a composite sys-
tem of spacetime and matter fields that, at least in the
semiclassical regime, can be described as two weakly cou-
pled subsystems. On the other hand, quantum theory is
essentially a non local theory (in the sense of Refs. [8, 9])
and thus, quantum cosmology inevitably leads to the con-
cept of a wave function of the universe [10, 11]. However,
the universe is not the whole thing in modern cosmology.
The multiverse, in its wide variety of forms [12–26], has
become the most general scenario in cosmology. Three
of the major frameworks in cosmology, i.e. the landscape
of the string theories [18, 20], the inflationary paradigm
that leads to a continuing generation of inflating bub-
bles [14, 15], and quantum cosmology [12, 25], not only
support but even enhance the consideration of a mul-
tiverse. Even more, these three types of multiverse are
complementary so one can generally consider an interact-
ing multiverse [27, 28], which consists of the landscape
populated of inflating bubbles that are quantum mechan-
ically described by wave functions that can interfere and
where non-local interactions may generally exist. In that
case, the same reasoning based on the non locality of the
quantum theory that leads to the concept of the wave
function of the universe leads now to the concept of the
wave function of the multiverse [25].
As it happens in quantum mechanics, where one has to
work in the framework of a quantum field theory to better
describe a many particle system, the quantum state of the
multiverse is better described in the framework of the so
called third quantization formalism [25, 27, 29], where
it can be defined quantum operators that describe the
creation and the annihilation of universes. It parallels
the formalism of a quantum field theory, actually, but
the field to be quantized now is the wave function of the
multiverse and the abstract space where it propagates is
the superspace of geometries and matter fields (to follow
a quick analogy see, for instance, the table of p. 295 in
Ref. [29]).
One of the main aims of quantum cosmology is to de-
scribe the creation of the universe [10, 23, 30–33]. It is a
key feature because once the creation of the universe is
described, the description of the rest of physical processes
in the universe follows from known physical laws. For
instance, the Schrödinger equation of matter fields can
be derived in the semiclassical regime from the Wheeler-
DeWitt equation [7, 34–37]. Then, the wave function of
the universe turns out to describe a set of matter fields
propagating, and generally interacting, in a curved back-
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2ground spacetime. In that sense, the wave function of
the universe contains all the information about particle
physics and, of course, classical mechanics too1.
In quantum cosmology the customary picture for the
creation of the universe is the creation of the universe
from nothing [1, 10, 30–32], where by nothing it is not
understood the absolute meaning of nothing, i.e. some-
thing to which ascribe no properties, but the Euclidean
region of the spacetime where nothing real exists. In
particular, time does not exist and no classical physics
can therefore be developed. Hence, the Euclidean region
represents a quantum barrier for the classical spacetime.
However, we know from quantum mechanics that there
is generally a non zero probability for a wave function
to penetrate into a quantum barrier. Then, there is a
non zero probability for the universe to be created from
nothing. That is all we need to exist.
Nevertheless, the reasoning that leads Hartle and
Hawking [10] to propose the creation of the universe
from nothing might not be correct. As Gott and Li first
pointed out [38] and Barvinsky and Kamenshchik have
shown later on [39, 40], the renormalization of the matter
fields does not need to exactly balance their zero point
vacuum energy. In that case, there are two ways in which
the universes can be created, either they are created from
a pre-existing baby universe, which would lead to an eter-
nal and self-contained multiverse [38], or they are created
from nothing but then, they have to be created in entan-
gled pairs [41].
In this paper, we shall explore the observable conse-
quences that the creation of universes in entangled pairs
might leave in the properties of a universe like ours. Not
until recent years it was generally thought that even if
other universes would exist, it would be meaningless to
ask for the imprints that they could leave in the observ-
able properties of our universe because the definition of
the universe always entails some notion of causal closure.
However, this notion of causal closure is always defined in
a local sense (which is the only sense in which causality
is properly defined in physics), in terms of the structure
of the light ray cones of a given spacetime and the link
between causal events. Non-local correlations may still
be present in the multiverse without violating the local
notion of causal closure, and they might modify some
properties of the universe that would leave observable
consequences. Thus, the search of the observable im-
prints of the multiverse in the properties of our universe
has become an intense subject of research [28, 42–51].
Besides, quantum entanglement [52] has a property
that is specially appealing in quantum cosmology and the
1 This is not surprising as quantum cosmology is constructed from
the action that represents the spacetime of general relativity and
matter fields propagating therein. Then, it is not strange that
a top-down approach can derive general relativity (and classi-
cal mechanics) and the physics of matter fields from quantum
cosmology.
physics of matter fields in curved spacetimes. It is the
relationship with the information that we can obtained
from a physical subsystem [53, 54]. It is sometimes stated
that information may disappear under some physical pro-
cesses but entanglement may be telling us that part of the
initial information can fall into regions that are inacces-
sible to us. In that case, it would be a lost of information
but not a fundamental lost of information.
For instance, general relativity and quantum cosmol-
ogy are invariant under general spacetime diffeomor-
phisms. In particular, the quantum state of the universe
[10] is invariant under a time reversal change. However,
the semiclassical state of the universe, in which it is de-
fined the physics we know, has one definite direction of
time [55–57]. The processes occurring in the opposite di-
rection of time seem to have disappeared in the actual
universe. However, entanglement may be telling us that
they have not disappeared but they can be in a region
of the spacetime that is not accessible for us. In fact,
the time reversal invariance of the spacetime is broken in
the semiclassical universe but a time symmetric solution
always coexists because the time reversal invariance of
the Friedmann equation. Therefore, if one consider that
these two universes are created in entangled pairs, then,
the time reversal symmetry does not disappear, it only
lives in an inaccessible region2.
In this paper we study, in the context of the quan-
tum multiverse, the cosmology of a homogeneous and
isotropic spacetime with a conformally coupled massless
scalar field, for which exact analytical solutions can be
given. We shall show that the most natural way in which
the universes are created is in entangled pairs that would
conserve the total momentum conjugated to the scalar
field. It parallels the creation of particles in entangled
pairs with opposite momenta in a quantum field the-
ory. However, the momentum conjugated to the scale
factor depends on the expansion rate of the universe and
thus, the universes are created with opposite expansion
rates from the point of view of a common time variable.
Nevertheless, in terms of the time variable measured in
particle experiments made by internal observers the en-
tangled universes are both expanding or contracting. We
shall then study the properties of entanglement between:
i) the correlated wave functions of the spacetimes, and
ii) the states of the scalar fields that propagate therein.
The outline is the following. In Sect. II, we obtain the
classical solutions of the Friedmann equation. They rep-
resent six different types of universes in the Lorentzian
sector, and different Euclidean instantons in the Eu-
clidean sector. In Sect. III, we obtain the quantum state
of a single universe by solving the Wheeler-DeWitt equa-
tion. We compute as well the probabilities of transition
between different states of the universe and the probabili-
2 We are not considering here the thermodynamical arrow of time
but just the cosmological one.
3ties for the universes to be created in entangled pairs and,
generally speaking, in multipartite entangled states. In
Sect. IV.A we apply the third quantization formalism to
describe the creation of universes in entangled pairs and
to compute the effect of this inter-universal entanglement
in the effective value of the Friedmann equation. In Sect.
IV.B we compute the effects that the entanglement be-
tween two spacetimes would have in the properties of the
scalar fields that propagate in the entangled spacetimes.
Finally, in Sect. V we draw some conclusions and make
further comments about the observability of the multi-
verse.
II. CLASSICAL STATES
A. Friedmann equation
The Einstein-Hilbert action for a homogeneous and
isotropic spacetime, with metric [10]
ds2 = σ2
(−N2(t)dt2 + a2(t)dΩ23) , (1)
where N(t) is the lapse function and, σ2 = l2/24pi2, and
a conformally coupled massless scalar field, ϕ, can be
written as
S =
1
2
∫
dt N
(
−aa˙
2
N2
+ a− λa3 + aχ˙
2
N2
− 1
a
χ2
)
, (2)
where, a˙ = dadt , λ ≡ σ
2Λ
3 ≡ H2, and the field has been
rescaled according to [10]
ϕ =
χ
(2pi2σ2)
1
2 a
. (3)
In conformal time, defined by
dη =
dt
a
, (4)
the action (2) turns out to be
S =
1
2
∫
dη N
(
− (a
′)2
N2
+ a2 −H2a4 + (χ
′)2
N2
− χ2
)
,
(5)
where the prime denotes derivative with respect to the
conformal time, i.e. a′ = dadη and χ
′ = dχdη . The invariance
of the action under reparametrizations of time gives rise
to the Hamiltonian constraint, which reads
H =
N
2a
(−p2a − a2 +H2a4 + p2χ + χ2) = 0, (6)
with,
pa ≡ δL
δa˙
= −aa˙
N
, pχ ≡ δL
δχ˙
=
aχ˙
N
, (7)
or
H =
N
2
(−pi2a − a2 +H2a4 + pi2χ + χ2) = 0, (8)
with,
pia ≡ δL
δa′
= − a
′
N
, piχ ≡ δL
δχ′
=
χ′
N
. (9)
Eqs. (6) and (8) reflect the invariance of the Hamiltonian
constraint under time reparametrizations too. In fact, we
can always consider the canonical transformation given
by
(a, pia, χ, piχ; η)→ (a˜ = a, p˜ia = pia, χ˜ = χ, p˜iχ = piχ; ξ),
(10)
with
ξ =
∫
Ndη (11)
so that
Hξ(a˜, p˜ia, χ˜, p˜iχ; ξ)
dξ
dη
= H(a, pia, χ, piχ; η), (12)
and
Hξ =
1
2
(−pi2a − a2 +H2a4 + pi2χ + χ2) . (13)
In this paper, unless otherwise indicated, we shall assume
that N = 1, for which ξ = η is the conformal time, and
t is cosmic time. The Hamiltonian constraint shows that
the total energy of the universe is zero,
HT = −Ha +Hχ = 0, (14)
with
Hχ =
1
2
pi2χ +
1
2
χ2, (15)
Ha =
1
2
pi2a +
1
2
a2 − H
2
2
a4. (16)
The first of these Hamiltonians corresponds to the Hamil-
tonian of a harmonic oscillator with unit frequency and
equation of motion
χ′′(η) + χ(η) = 0, (17)
which can be integrated (after multiplying by χ′(η)) to
yield
1
2
χ′2 +
1
2
χ2 = E, (18)
where E is the conserved energy of the scalar field. The
Hamiltonian (16) is the Hamiltonian of an anharmonic
oscillator with equation of motion
a′′(η) + a(η)− 2H2a3(η) = 0, (19)
that can be integrated as well by multiplying it by a′ to
yield
1
2
a′2 +
1
2
(
a2 −H2a4) = ε, (20)
4FIG. 1: Lorentzian and Euclidean regions for the potential
V (a) = a2 − H2a4 in (20), with C = 2ε. For the value,
4H2C > 1, there is no forbidden region. For the value,
4H2C < 1, there are two classically allowed regions separated
by a quantum barrier.
where ε is a constant too. In order to satisfy the Hamil-
tonian constraint (14),
HT = −ε+ E = 0. (21)
It turns out that, ε = E, i.e. the energy of the spacetime
is negative and equals the energy of the scalar field so the
total energy of the universe is zero. Eq. (20) can also be
expressed as
a′2 = H2a4 − a2 + 2E, (22)
which is nothing more than the Friedmann equation writ-
ten in conformal time. In cosmic time it turns out to be
a˙2 = H2a2 − 1 + C
a2
, (23)
where [38], C ≡ 2E = 8piρa43 , with ρ being the energy
density of the conformally coupled scalar field.
B. Lorentzian solutions
Let us now find the Lorentzian solutions of the Fried-
mann equation (23), which can also be written as
da
dt
=
H
a
√
(a2 − a2+)(a2 − a2−), (24)
with [38]
a2± =
1
2H2
(
1± (1− 4CH2) 12) . (25)
For the value, 4H2C ≥ 1, the r.h.s of (23) is always non
negative and there is thus a Lorentzian solution of the
Friedmann equation for all values of the scale factor. For
4H2C < 1, however, it is only positive for the values,
a > a+ and a < a−. These two regions represent classi-
cally allowed regions for which an analytical Lorentzian
FIG. 2: Solution (33) of the Friedmann equation for A20 = ±1
and, 4H2C > 1.
solution can be given. They are separated by the Eu-
clidean region, a− < a < a+, for which exists no real so-
lution of (23). We have therefore two types of universes
separated by a quantum barrier (see Fig. 1).
The solutions of the Friedmann equation (24) can eas-
ily be obtained by making the change, u = a2, for which
(24) transforms into
du√
(u− u+)(u− u−)
= 2Ht, (26)
where, u± ≡ a2±. In terms of the original variable a, the
integration of (26) yields
a2 =
(
A0e
Ht + 1A0H2 e
−Ht
2
)2
− C
A20H
2
e−2Ht, (27)
where A0 ≡ e−Ht0 , is a constant of integration. Let us
notice that A0 only appears effectively in (27) as A20, so
A0 can generally be complex as far as A20 is real, which is
a necessary condition for the scale factor (27) to be real
as well. Then, let us write, t0 ≡ t0 + i τ0, so that
A20 = e
−2Ht0 (cos 2Hτ0 − i sin 2Hτ0) = ±e−2Ht0 , (28)
where it has been used that τ0 must satisfy
τ0 =
npi
2H
, n = 0, 1, 2, . . . (29)
In particular,
A20 > 0 , n = 2k, (30)
A20 < 0 , n = 2k + 1. (31)
Thus, the solutions of the Friedmann equation are pe-
riodically distributed along the complex time axis (see,
Figs. 2-4). In between, there are Euclidean regions, given
by
τ0 ∈ . . . ∪ (0, pi
2H
) ∪ ( pi
2H
,
pi
H
) ∪ . . . , (32)
5FIG. 3: Solution (34) of the Friedmann equation for A20 = ±1
and, 4H2C < 1.
that work like quantum barriers that separate the differ-
ent Lorentzian regions where the classical universes live.
They are thus causally disconnected from a classical point
of view. We shall see however that their quantum states
can be quantum mechanically correlated or entangled.
Let us now consider the solution given by (27). We
can distinguish three regimes. For values 4H2C > 1, it
can generally be written as
a(t) =
1√
2H
(
1± (4H2C − 1) 12 sinh 2H∆t
) 1
2
, (33)
where the positive and negative signs correspond to the
values, A20 > 0 and A20 < 0, respectively, and the real
exponential of A20 in (28) has been absorbed into an initial
real time, t˜0 ∈ R, in ∆t ≡ t− t˜0. On the other hand, for
the value 4H2C < 1, the solution (27) can be written as
a(t) =
1√
2H
(
1± (1− 4H2C) 12 cosh 2H∆t
) 1
2
, (34)
where here too the positive and negative signs correspond
to the values, A20 > 0 and A20 < 0, respectively. Finally,
for the particular value 4H2C = 1, the solutions of the
Friedmann equation given by (27) can be written as
a(t) =
1√
2H
(
1± e±2H∆t) 12 , (35)
where again the positive and negative signs in front of
the exponential correspond to the values, A20 > 0 and
A20 < 0, respectively. Let us notice that all these solu-
tions are symmetric under a time reversal transformation
because the Friedmannn equation (23) is invariant under
the change, t → −t, so we can always distinguish two
branches of each solution.
There are therefore six different solutions of the Fried-
mann equation that represent six different types of uni-
verses. All of them are periodically distributed along the
complex time axis at points τ0 given by (29). All of them
FIG. 4: Solution (35) of the Friedmann equation for A20 = ±1
and, 4H2C = 1.
are therefore separated by Euclidean regions, i.e. classi-
cally forbidden regions, so they are all classically discon-
nected from the causal point of view (see Fig. 2-4).
1. Type I universes: 4H2C > 1, A20 > 0
In this case the solutions of the Friedmann equation are
given by (33) with the positive sign. These are universes
that start at a big bang singularity at t = 0 in ∆t ≡ t−t˜0,
with
t˜0 =
1
2H
arctanh
1
2H
√
C
, (36)
and expands exponentially like a flat deSitter spacetime
at late times (see Fig. 2). It is worth noticing that this
type of universe cannot be continuously transformed into
an exact (C = 0) deSitter universe because, 4H2C ≥ 1.
2. Type II universes: 4H2C > 1, A20 < 0
These are the contracting branches of the type I uni-
verses. The scale factor is given by (33) with the negative
sign. They contract from a large value of the scale factor
to a big crunch singularity at t = tbc in ∆t ≡ t− t˜0, with
∆tbc =
1
2H
arctanh
1
2H
√
C
. (37)
They are represented in Fig. 2. These solutions cannot
be continuously transformed either into an exact deSitter
spacetime.
3. Type III universes: 4H2C < 1, A20 > 0
The scale factor of this type of universes is given by
(34) with the positive sign. In terms of the values of a+
6and a− given in (25), the scale factor can be written as
a(t) =
(
a2+ cosh
2H∆t− a2− sinh2H∆t
) 1
2 , (38)
with, ∆t ∈ (−∞,∞). The solutions are represented in
Fig. 3. They contract from infinity into the minimum
value a+, reached at ∆t = 0, and they then expand to
infinity again. This type of solution can continuously be
transformed into the customary solutions of the closed
deSitter spacetime in the limit C → 0. In fact, they are
the natural extension of the closed deSitter universe with
a radiation like energy given by C/2.
4. Type IV universes: 4H2C < 1, A20 < 0
The scale factor of this type of universe is given by (34)
with the negative sign. It can be written as
a(t) =
(
a2− cosh
2H∆t− a2+ sinh2H∆t
) 1
2 . (39)
This is a universe that starts in a big-bang like singularity
at t = 0 in ∆t, with
t˜0 =
1
H
arctanh
a−
a+
, (40)
expands to a maximum value a−, at t = t˜0, and then re-
collapses to a big-crunch like singularity, at t = 2t˜0. For a
valueH  1, the evolution of this type of universes is like
that of a radiation dominated universe. It is depicted in
Fig. 3. In the deSitter limit, i.e. in the limit C → 0, this
type of solution degenerates because, a− → 0, so t˜0 → 0.
It is also worth noticing that in the limit C → 14H2 ,
a− → a+.
5. Type V universes: 4H2C = 1, A20 > 0
The scale factor is now given by (35) with the positive
sign, i.e.
a(t) =
1
H
(
1 + e±2H∆t
) 1
2 , (41)
where the positive and negative signs correspond here to
the time symmetrical branches of the universe. For the
positive sign, the universe expands asymptotically like a
flat deSitter universe. However, it is worth noticing that
it does not start from a big bang like singularity because,
a(t→ −∞)→ 1
H
. (42)
The time reversal symmetric branch, i.e. that with the
negative sign, corresponds then to a universe that con-
tracts from a very large value of the scale factor to the
value a0 = 1H in an infinite time. Thus, it does not end
in a big-crunch singularity. They are both depicted in
Fig. 4.
FIG. 5: A cyclic universe can be connected with a deSitter
like universe by means of the Euclidean instanton (48).
6. Type VI universes: 4H2C = 1, A20 < 0
Finally, the scale factor of these universes is given by
Eq. (35) with the negative sign, i.e.
a(t) =
1
H
(
1− e±2H∆t) 12 , (43)
where the positive and negative signs correspond here as
well to the time symmetrical branches of the universe.
For the negative sign, the universe starts from a big-
bang like singularity at t = t˜0 and then expands to an
asymptotical maximum value a0 = 1H . It does not re-
collapse. For the positive branch, the universe is created
with the value a0 and then re-collapses to a big-crunch
singularity at ∆t = 0. They are depicted in Fig. 4.
C. Euclidean solutions
For the value 4H2C ≥ 1, the r.h.s of Eq. (23) is al-
ways non negative and there is thus no classically for-
bidden region. Lorentzian solutions given by (33) or
(35) exist along the positive real axis, a ∈ R+. For the
value 4H2C < 1, however, we have already pointed out
that there are two Lorentzian regions separated by a Eu-
clidean region located in the interval, a− < a < a+ (see,
Fig. 1). We can obtain the Euclidean solutions of the
Friedmann equation byWick rotating the solution (27) to
Euclidean time, i.e. t→ −iτ , with A0 → AE ≡ eτ0e−it0 ,
is a new constant of integration. In order to obtain real
solutions of the Euclidean scale factor, aE , t0 has to sat-
isfy now
e2t0 = ± H
2
(1− 4H2C) 12 . (44)
On the other hand, the value of τ0 can be incorporated
in the exponentials of (27). The Euclidean solutions can
then be written as
aE(τ) =
(
a2+ sin
2H∆τ + a2− cos
2H∆τ
) 1
2 , (45)
7with a± given by (25), a ∈ (a−, a+), and
∆τ = τ − τ0 ∈ (0, pi
2H
). (46)
Let us now consider the Euclidean instanton with ge-
ometry given by
ds2E = dτ
2 + aE(τ)dΩ
2
3, (47)
with, aE(τ) given by (45). The Euclidean instantons
are the classical solutions of the Euclidean action. They
are therefore the saddle points of the Euclidean action
and provide the first order contribution to the probability
of crossing the quantum barrier where they leave (see,
Sect. III.B). In the case of the Euclidean instanton (47),
it connects the maximally expanded three sphere of a
type IV universe with the minimum sphere of a type III
universe, both with the same values of the cosmological
constant, Λ = 3H2, and the same energy of the scalar
field, E = C/2, because H and C are the same in a± =
a±(H,C) in (45).
One can easily generalize the Euclidean instanton (47)
to another one with the same geometry and Euclidean
scale factor given by
aE(τ) =
[
a22,+ sin
2 H¯∆τ + a21,− cos
2 H¯∆τ
] 1
2 , (48)
where ∆τ ∈ (0, pi
2H¯
), and
a21,− =
1
2H21
(
1− (1− 4C1H21) 12) , (49)
a22,+ =
1
2H22
(
1 +
(
1− 4C2H22
) 1
2
)
. (50)
It is the solution of a Euclidean Friedmann equation that
it is the Euclidean version of Eq. (23) with effective val-
ues H¯ and C¯ given by
H¯ =
1√
a21,− + a
2
2,+
→ H, (51)
and
C¯ =
a21,−a
2
2,+
a21,− + a
2
2,+
→ C, (52)
where the limits are reached for the values, H1 = H2 ≡ H
and C1 = C2 ≡ C. Equivalently, this instanton is the
Euclidean version of a deSitter spacetime with Λ¯ = 3H¯
2
σ2
and a conformally coupled massless scalar field with en-
ergy given by C¯/2. The instanton (48) can connect the
maximum expansion point of a type IV universe, given by
a1,− ≡ a−(H1, C1), with the minimum expansion point of
a type III universe, given by a2,+ ≡ a+(H2, C2), regard-
less of the different values of the cosmological constants
H1 and H2, and the energy density of the scalar fields,
C1 and C2, of the two connected universes. It is worth
noticing that a2,+ can even be smaller than a1,−. Thus,
FIG. 6: The creation of a pair of cyclic universes from a double
instanton.
it can connect a baby universe with a parent universe
like it is represented in Fig. 3 but it can also connect
a large parent cyclic universe with another parent expo-
nentially expanding universe, like it is depicted in Fig. 5,
or two cyclic universes (Fig. 6). The variety of processes
resulting from the quantum transitions in this type of
multiverse [58, 59] generated by this type of instanton
turns out to be extremely rich.
Even more, double Euclidean instantons can also con-
nect two large cyclic universes or two large exponentially
expanding universe, both with the same or with differ-
ent values of their cosmological constants and the energy
of their scalar fields. It is worth noticing that there is
no conflict here with the energy conservation because all
the solutions satisfy the Hamiltonian constraint (14) so
in that sense the total energy of all the universes is zero
and the quantum transitions do not violate that condi-
tion so the total energy remains zero in the transition.
That does not mean however that all the transitions are
equally probable. This will be computed in the next sec-
tion.
III. QUANTUM STATES
A. Wheeler-DeWitt equation
Let us canonically quantize the Hamiltonian constraint
(8) by promoting the dynamical variables into operators.
In the configuration space (a, χ), the Hamiltonian con-
straint (8) turns out to be the Wheeler-DeWitt equation,
which reads [10]
1
2
(
1
ap
∂
∂a
(
ap
∂
∂a
)
− a2 +H2a4 + ∂
2
∂χ2
+ χ2
)
×Ψ(a, χ) = 0, (53)
where p is a constant determining the operator ordering
[10, 38], and Ψ(a, χ) is the wave function of the universe,
i.e. the wave function for the composite state of space-
time and matter fields. The Wheeler-DeWitt equation
8(53) separates [38]
1
2
(
− d
2
dχ2
+ χ2
)
φ(χ) = Eφ(χ),(54)
1
2
[
− 1
ap
d
da
(
ap
d
da
)
+
(
a2 − Λ
3
a4
)]
ψ(a) = Eψ(a).(55)
The first of these equations is the equation of a quantum
harmonic oscillator with unit mass and frequency, which
can be solved in terms of Hermite polynomials, Hn(x).
The customary normalized solutions are
φ(χ) =
1√
2nn!
(
1
pi~
) 1
4
e−
χ2
2~Hn(χ/~), (56)
with
E ≡ En = ~(n+ 1
2
). (57)
The second of Eqs. (54-55) can formally be written as
the classical equation of a harmonic oscillator
ψ¨n(a) +
M˙
M ψ˙n(a) + ω
2
nψn(a) = 0, (58)
where the dot means derivative with respect to the scale
factor, which acts then as the time like variable in (58).
The time dependent mass and frequency in (58) are given
by,M≡M(a) = ap, and
ωn ≡ ωn(a) =
√
H2a4 − a2 + 2En. (59)
Let us notice that for a universe for which the Wheeler-
DeWitt equation is given by Eq. (58) the Friedmann
equation is just given by (see Eqs. (7) and (9))
pi2a = ω
2
n or, p
2
a = ω
2
n, (60)
which yields the Friedmann equation in conformal and
cosmic times, Eqs. (22) and (23), respectively. There-
fore, the frequency of the time dependent harmonic os-
cillator that describes the quantum state of the universe
contains all the information about the evolution of the
given universe. It will be especially important later on.
The general quantum state that is solution of the
Wheeler-DeWitt equation (53) is therefore [10]
Ψ(a, χ) =
∑
n
cnφn(χ)ψn(a). (61)
It is a superposition of composite states3 where the quan-
tum state of the matter field is completely correlated with
the state of the corresponding spacetime where it prop-
agates. On the other hand, the state ψn(a) in (61) rep-
resents the quantum state of a region of the spacetime
3 In the terminology of Everett it is a superposition of relative
states (see Eq. (1) of Ref. [12])
that expands (or contracts) according to the Friedmann
equation
da
dt
=
ωn
a
. (62)
A given vacuum of the landscape is then populated with
small regions of the spacetime that contains a the scalar
field with a definite energy label, n, and these distinct
regions of the spacetime evolve differently according to
the corresponding Friedmann equation (62). The quan-
tum states of all these regions are then entangled in a
composite state (61) that represents the quantum state
of a simplified version of the spacetime foam [60–62].
We have then two possibilities. In those regions where
the scalar field is created in a state with a small number
n, given by n < n0, with
n0 ≡ 1
8H2
− 1
2
, (63)
the condition 4H2C < 1 is satisfied and the evolution
of the spacetime is given by Eq. (39). A small bubble
of the spacetime expands then to a maximum value a−
and then re-collapses again to delve into the gravitational
foam. However, at the turning point a− the state of the
spacetime may undergo a quantum transition through
the Euclidean region located between a− and a+. Then,
the bubble would suffer a sudden transition and it would
start expanding from the value a+ of the scale factor to an
asymptotically closed deSitter spacetime. A macroscopic
universe has then been created.
On the other hand, for regions of the spacetime for
which the scalar field is created with a large number n,
given by n > n0, then, 4H2C > 1, and the scale factor
of the spacetime in that region would follow Eq. (33).
Then, the bubble would start inflating from the very be-
ginning and expanding asymptotically like a deSitter uni-
verse. Finally, in the particular case in which the num-
ber of particles would be exactly n0, then, the spacetime
would asymptotically expand like a deSitter spacetime
with a scale factor given by (35).
One might expect that the configurations with a large
number of particles of the scalar field would be expo-
nentially suppressed and thus the cases of ever inflating
solutions without tunneling transition should be expo-
nentially forbidden. That need not necessarily be the
case. First, because all possible configurations are solu-
tions of the Wheeler-DeWitt equation and thus they all
satisfy the Hamiltonian constraint, i.e. the total energy
is always zero and the total energy is thus conserved in
the creation of any type of universe. Secondly, because
the wave function of all those configurations is regular at
a → 0. In that sense, it is avoided the classically sin-
gular character of the origin and the universes can be
created with a very small value of the scale factor [38].
Let us notice that for small values of the scale factor the
wave function of the spacetime approximates that of a
9harmonic oscillator too, and then
Ψ ≈
∑
n
cne
− 12~ (a2+χ2)Hn(a/~)Hn(χ/~), (64)
which is regular at a = 0. But even if the suppression
of large values of n would be the result of imposing a
particular boundary condition on the composite state
(61), for instance the result of imposing the condition,
cn = e
− 1T (n+ 12 ) in (61) or (64), which would correspond
to a thermal distribution of universal states at tempera-
ture T , even though, there would be bubbles that would
inflate from the very beginning without the need of a
tunneling transition. In fact, even if the scalar field is
created in the lowest, n = 0 state, there would be regions
of the landscape for which H2 > 14 . In those regions,
4H2C > 1 and thus the bubbles would start exponen-
tially inflating from the very beginning. Therefore, the
solutions given by (33) cannot be disregarded from the
general picture.
It is also worth noticing that the superposition princi-
ple of the quantum mechanics of the matter fields alone
is not satisfied here, i.e. a superposition state given by
φ(χ) =
∑
n
cnφn(χ), (65)
is not a solution of the Wheeler-DeWitt equation (53).
Inside each universe, whose quantum state is represented
by ψn, the label n is totally definite. There is no possibil-
ity of having superposition states like the one represented
by (65). The superposition state (65) is only solution of
the Hamiltonian constraint in a large macroscopic uni-
verse like ours. The superposition principle of quantum
mechanics turns out to be then an emergent feature of
the semiclassical state of the universe. Let us note that
for large values of the scale factor we can make use of the
WKB solutions of (55), given by
ψn(a) =
Nn√
ωn
e±
i
~
∫
ωn(a)da, (66)
where Nn is some normalization constant, and
ωn ≈ ωDS + 1
ωDS
(n+
1
2
), (67)
where ωDS is the square root of the potential of a closed
deSitter universe,
ωDS =
√
H2a4 − a2. (68)
Then, the solution of the Wheeler-DeWitt equation can
be written as
Ψ(a, χ) =
Nn√
ωn
e±
i
~
∫
ωDS(a)daΦ(a, χ), (69)
with
Φ(η, χ) ≡ Φ(a = a(η), χ) =
∑
n
cne
− i~ (n+ 12 )ηφn(χ),
(70)
where η is the conformal time of the background deSitter
spacetime, i.e
η = ∓
∫
da
ωDS
= ∓
∫
dt
a
, (71)
for the expanding (+) and the contracting (−) branches
of the deSitter spacetime. The background deSitter
spacetime evolves in cosmic time as,
aDS(t) =
1
H
coshHt, (72)
which is the solution of the corresponding Friedmann
equation,
da
dt
=
ωDS
a
. (73)
The difference between aDS(t) in Eq. (73) and a(t) in
Eqs. (33-35) is that the latter contain the back reaction
effects of the scalar field. For a large value of the scale
factor this effect is highly subdominant and the superpo-
sition principle of quantum mechanics is then satisfied,
at least to order ~1.
Of course, the superposition principle of quantum me-
chanics for the composite state of the matter field and
the states of the spacetime is still valid, and it is in fact
at the root of the entangled state (61) because it is a di-
rect consequence of the linearity of the Wheeler-DeWitt
equation (53). It is only the superposition principle of
the quantum mechanics of matter fields alone what is an
emergent figure of the quantum state of the universe and
it becomes valid only in a large parent universe like ours,
where a time variable can be defined, but not in the com-
posite state (61) where all the regions of the spacetime
are correlated and created with a definite number n.
B. Quantum transitions
1. Single universe
For the value 4H2C ≥ 1 there is no classically forbid-
den region for any value of the scale factor. However,
for the value 4H2C < 1, we have already pointed out
that there is a Euclidean region between two Lorentzian
regions that acts as a quantum barrier (see Fig. 1). The
solutions of region I in Fig. 1 are baby universes that
are created from the spacetime foam, they expand like a
radiation dominated universe and at the turning point,
a = a−, the state of the universe can tunnel out through
the Euclidean barrier and appear in region III as a new-
born universe with the value a+ of the scale factor. The
probability of the tunneling transition is given by
P ∝ e−I , (74)
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FIG. 7: The creation of a large parent universe from a baby
universe.
where (see App. A)
I = H
∫ a+
a−
da
√
(a2 − a2−)(a2+ − a2)
= − (1− 4CH
2)
1
4
3H2a2+
{
CF (q, k)− a2+E(q, k)
}
, (75)
where F (q, x) and E(q, x) are the elliptical integrals of
first and second kind, respectively, with q ≡ arcsin 1k ,
and
k2 =
a2+
a2+ − a2−
. (76)
The kind of transitions that can be posed in the land-
scape with the Euclidean instanton (48) is extremely rich.
First, one can pose tunneling transitions between two
universes with the same value of their cosmological con-
stant and energy of the matter fields, but one can also
pose tunneling transitions between universes with differ-
ent values of their cosmological constants and the energy
of their scalar fields. In that case, the probability for the
tunneling transition is given by,
P ∝ e−I2 , (77)
where I2 can be written as,
I2 = αF (q, k)− βE(q, k), (78)
where α and β are two coefficients given in (A9).
2. Pair of entangled universes
The probabilities (74) and (77) are the probabilities for
a pre-existing universe in region I to tunnel out to region
III. It is the customary picture for the creation of a uni-
verse from something [33, 38, 41], i.e. from a pre-existing
baby universe (see, Fig. 7). However, there is still room
for the universes to be created from nothing, i.e. from
the Euclidean region without the need of a pre-existing
universe. However, in order for the universes to be cre-
ated from nothing they have to be created in entangled
pairs [41, 63] from a double Euclidean instanton like the
one depicted in Fig. 8 (see also Fig. 9). The probabil-
ity for the pair of entangled universes to be created from
nothing would then be given by
P = e−2I , (79)
where I is the Euclidean action of a single instanton,
given by (75).
3. Multipartite entangled states
One can even pose the creation of a multipartite N -
entangled state like the one depicted in Fig. 11. In
that case, the probability of having N -entangled uni-
verses would be given by
P = e−NI , (80)
where I is given by (75). It means that the creation of
N -entangled universes from a N -Euclidean instanton is
exponentially suppressed for a large value ofN . However,
these highly non-classical states can be present as well in
the multiverse.
In general, one can pose the creation of two or more
universes from a multiple Euclidean instanton formed by
gluing single instantons of different types (see, Fig. 12).
The only needed condition is that the instantons have to
be matched at two hypersurfaces with the same value of
the scale factor and equal tangent vector in the matching
hypersurface. The latter condition is satisfied by the in-
stanton (48) at the hypersurfaces a+ and a− for any value
of H and C so the multiple instanton that can be formed
is quite general (see, Fig. 12). The probability would
eventually be given by the product of the probabilities of
the single instantons, i.e.
P = e−
∑
iNiIi , (81)
where Ni is the number of instantons of type i used to
form the total instanton, and Ii is the Euclidean action
that corresponds to each type of instanton.
Thus, a N -entangled Euclidean instanton would give
rise to N Lorentzian universes (see Fig. 7). Following the
same reasoning to that made in the preceding section,
the single instantons can only be matched for an equal
value of the mode of the matter field and, therefore, the
composite N -partite state of the Lorentzian regime must
necessarily be an entangled state.
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FIG. 8: A double Euclidean instanton can be formed by
matching two single Euclidean instantons.
FIG. 9: The creation of a pair of entangled universes from
nothing, i.e. from a double Euclidean instanton.
We can still consider the creation of a multipartite4
entangled state from both something or nothing. In the
former case, a baby universe would give rise to an en-
tangled state of N universes. In the latter case, we can
identify the matching hypersurfaces of the N Euclidean
FIG. 10: A N -Euclidean instanton.
4 See, for instance, Refs. [64–67] and references therein for the def-
inition of multipartite entangled states in the context of quantum
optics.
FIG. 11: The creation of a multipartite entangled state of N
universes from a N -Euclidean instanton.
FIG. 12: A multiple Euclidean instanton can also be formed
by gluing instantons of different types.
instanton with the matching hypersurface of the first in-
stanton, making therefore a cyclic chain of N -Euclidean
instantons that would induce the creation from nothing
of the N -partite entangled state in the multiverse. Fur-
thermore, different configurations can be envisaged for
the creation of N -entangled universe from a N -composite
Euclidean instanton by combining both mechanism, all
of them given rise to composite states of N Lorentzian
universes with some degree of entanglement [68].
IV. INTER-UNIVERSAL ENTANGLEMENT
A. Third quantization formalism
The creation and annihilation of universes is better un-
derstood in a third quantization formalism [25, 29]. It ba-
sically consists of considering the Wheeler-DeWitt equa-
tion (53) as the wave equation of a scalar field, Ψ(a, χ),
that propagates in the minisuperspace spanned by the
configuration variables (a, χ), where the scale factor for-
mally plays the role of the time-like variable of the min-
isuperspace and the scalar field χ formally plays the role
12
of a spatial variable. Thus, the quantum state of the ho-
mogeneous and isotropic universe can be analyzed by ap-
plying a formalism that parallels that of a quantum field
theory of a scalar field propagating in a curved space-
time5.
The wave function of the universe, Ψ(a, χ), is then pro-
moted to an operator Ψˆ that in the Heisenberg picture is
given by
Ψˆ(a, χ) =
∑
n
Ψn(a, χ)cˆn + Ψ
∗
n(a, χ)cˆ
†
−n, (82)
where cˆ†n and cˆn are constant operators that represent
the creation and annihilation of universes, respectively,
whose quantum mechanically states are described by the
wave function, Ψn(a, χ) = ψn(a)φn(χ), i.e. they create or
annihilate branches of the universe with a definite energy
level of the scalar field χ, given by n, and a homogeneous
and isotropic geometry given by (1) with a scale factor
evolving according to (23). The positive and negative
values in cˆn and cˆ
†
−n in (82) refer to the expanding and
the contracting branches that they create or annihilate.
Let us notice that the Friedmann equation is given by the
Hamiltonian constraint p2a = ω2 with the classical value,
pa = −adadt . Then
da
dt
= ±ω
a
, (83)
is the Friedmann equation that corresponds, with re-
spect to the cosmic time t, to a contracting (−) or an
expanding (+) branch of the universe. Let us recall that
for every classical solution its time reversal transforma-
tion is a solution as well because the invariance of the
Friedmann equation (24) with respect to a time rever-
sal change, t → −t. Let us also notice that these two
solutions are quantum mechanically represented by the
complex conjugated pair of WKB solutions
Ψn(a, χ) =
Nn√
aωDS
e±
i
~SDS(a)φn(a, χ), (84)
where Nn is a normalization constant, ωDS is given by
(68),
Sn(a) =
∫ a
da′ ωDS(a′) =
1
3H2
(
H2a2 − 1) 32 , (85)
and, to order ~0,
pa = ±∂Sn
∂a
= ±ωn. (86)
5 Let us notice that in the case considered in this paper the metric
element of the minisuperspace is given by
ds2 = −da2 + dχ2,
so the minisuperspace corresponds to a Minkowski like space but
in general the minisupermetric is a curved minisuperspace (see,
for instance, Ref. [25, 69]).
Each branch represents a universe and the universes are
then created in entangled pairs. It parallels the creation
of particles in entangled pairs in a quantum field theory.
In that case, the particles are created in entangled pairs
with opposite values of their momenta, ±k, because the
isotropy of the background spacetime and because con-
servation of the total momentum. Here, the universes
are created as well in entangled pairs with opposite mo-
menta, given by pa = ±ωn. The momentum conjugated
to the scale factor is however related to the Friedmann
equation and they thus correspond to reversely evolving
branches of the spacetime. However, it is worth noticing
that the consideration of the spacetime as expanding or
contracting in this context depends on the time variable
chosen by a particular observer that inhabit one of the
branches, for which his or her branch is expanding and
the opposite one is then contracting. For an observer liv-
ing in the partner branch the situation is the other way
around, his or her universe is the expanding branch and
the opposite one is the contracting branch. The WKB
time for these two observers turn out to be related by an
antipodal like symmetry [33, 70]. Let us notice that from
the standpoint of quantum cosmology time is an emer-
gent feature and not the other way around. To see it, let
us introduce the WKB solutions (84) into the semiclas-
sical limit of the Wheeler-DeWitt equation. For a large
parent universe like ours it is satisfied
± 2i~ωDS φ˙
φ
− ~2φ
′′
φ
+ χ2 = 0, (87)
which is equivalent to the time dependent Schrödinger
equation
− i~ ∂
∂t
φ(t, χ) =
1
2
(
−~2 ∂
2
∂χ2
+ χ2
)
φ(t, χ), (88)
where, φ(t, χ) ≡ φ(a(t), χ), and the time variable t has
been defined according to
∂
∂t
= ± ωDS
a
∂
∂a
. (89)
Therefore, from the quantum mechanical standpoint time
arises as an emergent feature of the semiclassical regime
of the wave function of the universe. An observer in-
habiting each branch of the entangled pair defines his
or her time variable from the experiments of particle
physics that are governed by the Schrödinger equation
(88). Thus the two WKB solutions describe both an
expanding universe from the point of view of the time
variable experienced by an internal observer (see Fig. 9).
The third quantization formalism parallels that of a
quantum field theory propagating in a curved spacetime.
It is only valid to describe universes with high degree of
symmetry, but this is enough to describe most of the evo-
lution of a universe like ours. A similar effect happens in
a generally curved spacetime where is not always possi-
ble to define a consistent time variable and thus, a well-
defined quantum field theory cannot be developed. In
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the case of the multiverse the scale factor formally plays
the role of the time like variable of the minisuperspace
of geometries and matter fields and the latter formally
play the role of the spatial variables. Then, for homo-
geneous and isotropic spacetimes the third quantization
formalism is well defined.
We have now to choose the appropriate vacuum state
of the wave function Ψ(a, χ) in the minisuperspace by
imposing a particular boundary condition. For this, we
impose that the vacuum state must be a stable vacuum
state and it thus must steadily represent the ground state
of the wave function of the multiverses for any value of
the scale factor.
Following the prescription of a quantum field theory
the vacuum state would be given by the composite state
|0〉b =
∏
n
|0n〉b, (90)
where |0n〉b is the ground state of an invariant annihila-
tion operator, bˆn, for each mode of the composite state
(82), i.e.
bˆn|0n〉 = 0. (91)
The invariant operators bˆn and bˆ†n are such that
dbˆ
(†)
n
da
=
−i
~
[Hˆn, bˆ
(†)
n ] +
∂bˆ
(†)
n
∂a
= 0, (92)
where Hˆn is the third quantized Hamiltonian for which
the Heisenberg equations give rise to the Wheeler-DeWitt
equation (58), i.e.
Hˆn =
1
2MP
2
ψ +
Mω2
2
ψ2, (93)
withM and ω2n being given after (58). Then, the eigen-
states |N, a〉b of the number operator of an invariant rep-
resentation, Nˆ(a), have the great advantage that they
are stable under the evolution of the universe because
Nˆn(a)|N, a〉b = N |N, a〉b, (94)
with, N 6= N(a), being a constant. In particular,
Nˆn(a)|0〉b = 0, (95)
along the entire evolution of the wave function Ψ(a, χ).
It is thus a steady ground state that can represent the
no universe state at any value of the scale factor.
An invariant representation of the generalized har-
monic oscillator (58) can be written as6
bˆn =
√
1
2
(
1
R
ψˆ + i(RPˆψ −MR˙ψˆ)
)
, (96)
bˆ†−n =
√
1
2
(
1
R
ψˆ − i(RPˆψ −MR˙ψˆ)
)
, (97)
6 For the invariant representations of the harmonic oscillator, see
for instance, Refs. [71–75].
where ψˆ and its conjugated momentum Pˆψ are constant
operators in the Schrödinger picture, and R ≡ R(a) is an
auxiliary real function that satisfies
R¨n +
M˙
M R˙n + ω
2
nRn =
1
M2R3 . (98)
The invariant representation (96-97) must be fixed by
imposing the asymptotic condition that for a large parent
universe it approaches the diagonal representation given
by
cˆn =
√
Mω
2
(
ψˆ +
i
Mω Pˆψ
)
, (99)
cˆ†−n =
√
Mω
2
(
ψˆ − iMω Pˆψ
)
, (100)
in terms of which the branches represent two independent
universes. It means that the two branches are originally
created in an entangled pair and the entanglement is de-
creasing as the universes expand and become large parent
universes like ours. However, the effects of their entan-
glement could be significant in the very early stages of
their evolution and they might even have a residual effect
in our current universe.
The entanglement rate can be seen by writing the
Hamiltonian (93) in terms of the invariant representation
(96-97). It describes then the evolution of two interact-
ing universes whose interaction is decreasing as the uni-
verses expand. Let us notice that the invariant and the
diagonal representations, given by (96-97) and (99-100)
respectively, are related by the Bogolyubov transforma-
tion
bˆ−n = αcˆ−n − βcˆ†n, (101)
bˆ†−n = α
∗cˆ†−n − β∗cˆn, (102)
where
αn =
1
2
(
1
R
√Mωn
+R
√
Mωn − i
√M
ωn
R˙
)
, (103)
βn = −1
2
(
1
R
√Mωn
−R
√
Mωn − i
√M
ωn
R˙
)
.(104)
Then,
H =
∑
n
~ωn(cˆ†ncˆn +
1
2
) + ~ωn(cˆ†−ncˆ−n +
1
2
) (105)
turns out to be
H = H1 +H2 +HI , (106)
with
H(1,2) =
∑
n
Ωn(a)(bˆ
†
(1,2),nbˆ(1,2),n +
1
2
), (107)
HI =
∑
n
γn(a)bˆ
†
1,nbˆ
†
2,n + γ
∗
n(a)bˆ1,nbˆ2,n, (108)
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where,
Ωn(a) =
1
2
(
1
MR2 +MR
2ω2n +MR˙2
)
, (109)
γn(a) = Ωn(a)− 1MR2 + i
R˙
R
. (110)
The Hamiltonian (106) is the Hamiltonian of two inter-
acting universes with a Hamiltonian of interaction given
by HI . Let us notice that a solution of (98) can generally
be given by7
R =
√
ψ21 + ψ
2
2 , (111)
where ψ1 and ψ2 are two particular solutions of the wave
equation (58). In the WKB regime one can choose the
following two real solutions
ψ1 =
1√Mωn
cosS, (112)
ψ2 =
1√Mωn
sinS, (113)
so that
R =
1√Mωn
. (114)
This value of R in (96-97) fulfills the boundary condition
that for a large parent universe the invariant representa-
tion approaches the diagonal representation, i.e.
bˆn → cˆn , bˆ†−n → cˆ†−n, (115)
for, a  1. Therefore, the entanglement rate between
the two universes disappears as the universes expand and
become large parent universes because
|γn(a)| = ξ(a)
2ωn
√
1 +
1
4
ξ2(a)→ O(V −1), (116)
where, V (a) = a3, and
ξ(a) =
M˙
M
+
ω˙n
ωn
∼ 1
a
. (117)
For the earliest stage of the evolution of the universes
the entanglement between their quantum states can be
significant and it may have an important effect of their
evolution. Let us notice that the effective value of the
Friedmann equation would be given by the Friedmann
equation (62) with the effective value of the frequency
given by Ωn(a) instead of ωn(a). Then, at large enough
values of the scale factor
da
dt
=
ωn
a
(
1 +
ξ2(a)
8ω2n
)
∼ Ha
(
1 +
1
8H2V 2
)
. (118)
7 For more general solutions, see Ref. [72].
The extra term in the effective Friedmann equation (118)
induces a modification in the pre-exponential stage of the
evolution of the universe that might leave observable im-
prints in the power spectrum of the CMB [76, 77] pro-
vided that the inflationary stage does not last for too
long.
B. Entanglement between the scalar field of the
two branches
For a large parent universe the gravitational degrees of
freedom are frozen out and the semiclassical state of the
universe is described by the wave function (84). It rep-
resents an exponentially expanding deSitter background
spacetime where the field propagates and behaves quan-
tum mechanically acoording to the Schrödinger equation
(88), which is the Schrödinger equation of a harmonic os-
cillator with unit frequency and mass whose wave equa-
tion is then given by (17). The second quantization of
the scalar field would follow the customary procedure of
promoting the scalar field to an operator that, in the
Heisenberg picture, can be written as8
χˆ(η) = χ(η)cˆ1 + χ
∗(η)cˆ†2. (119)
However, the creation of the universes in entangled pairs
makes that their scalar fields are entangled too. Then,
creation and annihilation operators, cˆ†1,2 and cˆ1,2 respec-
tively, in (119) turns out to be the creation and anni-
hilation operators of particles of the scalar field in the
universes 1 and 2. The amplitude χ(η) satisfies the wave
equation (17), whose solution is simply given in confor-
mal time by
χ(η) = e−iη. (120)
The composite vacuum state of the scalar field χ, |0102〉,
is annihilated by the annihilation operators cˆ1 and cˆ2.
It is a stable vacuum state because the wave equation
(17) is the wave equation of a time independent harmonic
oscillator. Then, if the scalar field χ is in the vacuum
state at a given initial moment η0 it will stay in that
vacuum state along the entire evolution of the field. It
thus represents the no particle state for all time. Let us
also notice that in terms of the invariant representation
of the scalar field χˆ, given by
χˆ(η) = cˆ1(η) + cˆ
†
2(η) , piχ = −i(cˆ1(η)− cˆ†2(η)), (121)
the Hamiltonian
H =
1
2
pˆi†χpˆiχ +
1
2
χˆ†χˆ, (122)
8 Note however that so far we are just dealing with the homoge-
neous and isotropic mode of the conformally coupled massless
scalar field.
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turns out to represent two non interacting scalar fields,
i.e.
H = H1 +H2, (123)
each one representing the independent evolution of the
scalar field in each single universe of the entangled pair,
with
H1,2 = cˆ
†
1,2cˆ1,2 +
1
2
. (124)
In that sense, the scalar fields of the two universes are
not entangled. Let us notice that although the quantum
states of the background spacetimes are entangled, the
scalar field χ is decoupled from the spacetime degrees
of freedom and thus, the modes of χ in one universe are
unentangled from the modes of χ in the partner universe.
However, in terms of the original scalar field ϕ(t) (see
Eq. (3)), the modes of the scalar field in the entangled
pair of universes are entangled too. Let us notice that in
a homogeneous and isotropic universe the spatial modes
are decoupled to each other and the action of the n mode
reads, in terms of cosmic time t,
Sn =
σ2
2
∫
dt a3
(
ϕ˙2n − ν2n(t)ϕ2n
)
, (125)
with
ν2n(t) =
a˙2
a2
+
a¨
a
+
n2 − 1
a2
, (126)
evaluated at a(t). For n = 1 it is recovered the solution
(120) of the scalar field χ(η) in terms of conformal time.
For other modes, the wave equation for χn(η) is given by
χ′′n(η) + n
2χn(η) = 0, (127)
whose solutions are
χn(η) =
1√
n
e−in|η|, (128)
which are well defined for all time. However, in terms of
the cosmic time and using the Friedmann equation (23),
the frequency (126) yields
ν2n(t) = 2H
2 +
n2 − 1
a2
. (129)
The momentum conjugated to the scalar field ϕn is given
by
pϕ = a
3ϕ˙n, (130)
and the canonical transformation that relates χn, piχ with
ϕn, pϕ is
χn = σaϕn, (131)
piχ =
1
σa
pϕ + σaa˙ϕn. (132)
Let us then consider the invariant representation of the
modes χn
χˆn =
1√
n
(cˆ1,n + cˆ
†
2,n), (133)
pˆiχ = −i
√
n(cˆ1,n − cˆ†2,n), (134)
and the diagonal representation of the modes ϕn,
ϕˆn =
1√
Mνn
(bˆ1,n + bˆ
†
2,n), (135)
pˆϕ = −i
√
Mνn(bˆ1,n − bˆ†2,n), (136)
with, M = σ2a3 and ωn given by (129). Then,
cˆ1,n = αnbˆ1,n − β∗nbˆ†2,n, (137)
cˆ†2,n = α
∗
nbˆ
†
2,n − βnbˆ1,n, (138)
where
αn =
1
2
(
1
σa
√
Mνn
n
+ σa
√
n
Mνn
+
iσaa˙√
Mνnn
)
,(139)
βn =
1
2
(
1
σa
√
Mνn
n
− σa
√
n
Mνn
+
iσaa˙√
Mνnn
)
,(140)
with, |αn|2 − |βn|2 = 1, for all n. It turns out that the
invariant vacuum state |0102〉c, given now by the tensor
product
|0102〉c =
∏
n
|01,n〉c|02,n〉c (141)
can be related to the number states of the b, b† represen-
tation as
|0102〉c =
∏
n
1
|α|
∞∑
m=0
( |βn|
|αn|
)m
|m1,nm2,n〉b. (142)
The reduced density matrix that describes the quantum
states of the scalar field ϕ(t) in one of the universes is
then [78, 79]
ρ1 = Tr2ρ =
∏
n
1
|αn|2
∑
m
( |β|
|α|
)2m
|m1,n〉bb〈m1,n|,
(143)
which is a quasi thermal state that can be written as
ρ1 =
∏
n
ρ1,n =
∏
n
1
Zn
∑
m
e−
1
Tn
(m+ 12 )|m1,n〉bb〈m1,n|,
(144)
where, Z−1n = 2 sinh
1
2Tn
, and the specific temperature of
entanglement for each mode given by
Tn ≡ Tn(t) = 1
ln |αn|
2
|βn|2
. (145)
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FIG. 13: Energy (ε), work (w), and heat (q) densities of en-
tanglement, Eq. (159).
The specific temperature (145) is defined as the temper-
ature of entanglement of the state (144) per unit of fre-
quency,
Tn ≡ T¯n
νn
, (146)
where T¯n is the temperature of the entanglement of the
quasi thermal distribution (144). However, the thermal
character of the distribution (144) is not clear because
it is derived from highly non-local correlations unlike
the customary definition of a thermal state in classical
thermodynamics, which is obtained from the average of
microscopic contact effects. In fact, the relationship be-
tween the thermodynamics of entanglement and the clas-
sical formulation of thermodynamics is a subject of in-
tense research [80–85]. To our knowledge there is no con-
clusive result yet. Besides, we are interested here in the
weight of each mode in the distribution (144) and there-
fore, we are interested in the value of Tn rather than that
of T¯n.
Let us now consider the function Fn(t) given by
Fn(t) ≡ |α|
2
|β|2 ≡
Gn(t) + 2
Gn(t)− 2 , (147)
where,
Gn(t) =
3H2a4 + 2(n2 − 1)a2 + C
a2n
√
2H2a2 + n2 − 1 . (148)
In obtaining (148) it has been used (129) and the Fried-
mann equation (24). In the limit of large modes, n→∞,
Gn(t)→ 2, and Fn(t)→∞ ∀n. (149)
Thus, Tn → 0 in (144) and
ρ1,n ≈ |01,n〉bb〈01,n|,∀n 1. (150)
Therefore, the highest modes of the scalar field stay in
the vacuum state. It means that they are unaware of
the effects of the entanglement between the universes.
However, the lowest modes of the scalar field are heav-
ily affected by the inter-universal entanglement. Let us
notice that in the limit of large values of the scale factor,
Gn(t)→ 3
√
2
2
Ha
n
→∞. (151)
Then,
Tn(t) ≈ 3
√
2
8
Ha
n
→∞. (152)
It means that the excites states of the modes are dis-
tributed with almost the same probability. The lowest
modes can then be highly excited and, thus, the effect
of the entanglement between universes is expected to be
large for these modes. In terms of the physical length
defined as, Lph = an , the temperature of the modes (152)
turns out to be
T (Lph) ∼ Lph
H−1
. (153)
Therefore, at short distances with respect to the Hubble
length, Lph  H−1, the modes are in the vacuum states
and thus the effects of the entanglement between the uni-
verses is negligible. However, at distances of order of the
Hubble length, Lph & H−1, the effects becomes signifi-
cant, a result that agrees with the one obtained in Ref.
[42].
Let us also notice that the state (144) can be inter-
preted in terms of particle creation, the number of which
would be given by
Nn =
1
e
1
Tn − 1
. (154)
For large modes, Nn → 0, and there is no particle cre-
ation. However, for small modes the number of particles
would be
Nn(t) ∝ Tn(t) ∼ 1
n
eHt, (155)
a result that can be related with that obtained by Gr-
ishchuk and Sidorov9 [86]. One could even define the
thermodynamical magnitudes of entanglement associated
to the quasi thermal state (144). They are given, for each
mode, by [79]
En(t) =
ωn
2
cotanh
1
2Tn
, (156)
Qn(t) =
ωn
2
cotanh
1
2Tn
− ωnTn ln sinh 1
2Tn
, (157)
Wn(t) = ωnTn ln sinh
1
2Tn
, (158)
9 They however studied the modes of the gravitational waves in-
stead of the modes of a scalar field.
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FIG. 14: Energy density of entanglement (see, Eqs. (156-
159)) for different values of the spatial mode of the scalar
field.
with, En(t) = Qn(t) + Wn(t), for all modes n. In Fig.
13 it is depicted the energy densities that correspond to
En, Qn, and Wn, given respectively by
εn =
En
V
, qn =
Qn
V
, wn =
Wn
V
, (159)
with, V = a3(t). They vanish for a large value of the
scale factor. However, they might contribute significantly
during the early phases of the evolution of the universe,
with an effective value of the Friedmann equation given
by
da
dt
=
ω
a
+
ξ2(a)
8aω(a)
+ a
√
ε(a), (160)
with
ε(a) =
nmax∑
n
εn(a), (161)
where the sum of the modes is extended to some max-
imum mode that for subhorizon modes would be given
by [42] nmax ∼ aH (i.e., Lph ∼ H−1). The first term in
(160) corresponds to the unperturbed Friedmann equa-
tion. The second term is the correction to the Friedmann
equation due to the entanglement between the spacetimes
of the entangled universes, and the last term is the correc-
tion originated by the entanglement between the modes
of the scalar field of the two entangled universes. The ef-
fective value of the expansion rate, H ≡ 1a dadt , is depicted
in Fig. ??.
Let us finally analyze the effects of the entanglement
in the fluctuations of the scalar field, ϕ, which could shed
some observable effect as well. Let us first consider the
amplitude of the quantum fluctuations in the case where
no entanglement is present. Then,
δ(n) =
n
3
2
2pi
√
〈ϕˆ2n〉, (162)
where,
〈ϕˆ2n〉 = Trρϕˆ2n = 〈0|ϕˆ2n|0〉 =
1
Mωn
, (163)
where it has been assumed that the field is in the vacuum
state of the b, b† representation. Then, the fluctuations
of the vacuum turns out to be
δvac(n) =
n
3
2
2pia
3
2
(
2H2 + n
2
a2
) 1
4
=
n
3
2
ph
2pi(2H2 + n2ph)
1
4
,
(164)
where, nph = na . The spectrum (164) is like the spectrum
of the vacuum fluctuations of Minkowski spacetime in
terms however of the physical wave number nph, as it was
expected due to the conformal invariance of the action of
the spacetime with a conformally coupled massless scalar
field. However, if the field is in the state (144) due to the
entanglement between the universes, then, the spectrum
of fluctuations would be given instead by
〈ϕˆ2n〉 =
1
Mωn
(1 +Nn) , (165)
where Nn is given in (154). Then,
δ2ent(n)
δ2vac(n)
=
1
1− e− 1Tn
. (166)
For large modes, Tn → 0 and the spectrum of fluctuations
coincide with the spectrum of the vacuum fluctuations,
i.e. the effects of the entanglement between the universes
are subdominant. However, for the lowest modes the de-
parture from the spectrum of the vacuum fluctuations of
a scalar field that propagates in an unentangled universe
is significant. In the limit nph  1, Nn ≈ Tn ∼ Han , and
thus
δ2ent(n)
δ2vac(n)
∼ 1
n
eHt. (167)
It is also worth noticing that in terms of the physical
length,
δent ∼ δvac ∼ L−1ph , Lph  H−1, (168)
δent ∼ δvac H
Lph
∼ L−1ph , Lph  H−1. (169)
It means that the effect of the entanglement between the
universes disappears for very large and very short dis-
tances. However, for physical distances of order of the
Hubble length it becomes significant (see, Fig. 15). In
that region the effect of the entanglement may have an
important influence then in the power spectrum of the
scalar field and thus it can leave distinguishable imprints
in the properties of the universes that can be, in princi-
ple, observable.
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FIG. 15: Spectrum of quantum fluctuations for the vacuum
state, δv given by (164) with, Lph = anph , and for the thermal
state (144) derived from the entanglement between the two
parent spacetimes where the scalar fields propagate.
V. CONCLUSIONS
We have studied the cosmology of a homogeneous and
isotropic spacetime endorsed with a conformally coupled
massless scalar field. We have found six different solu-
tions of the Friedmann equation that represent six dif-
ferent types of universes that are periodically distributed
along the complex time axis. They are thus separated
by Euclidean regions that represent quantum mechani-
cal barriers. From a classical point of view one should
just choose one of these solutions as the solution that
represents the evolution of the universe.
Quantum mechanically, however, there is a non-zero
probability for the universe to tunnel out through the
quantum barrier and suffer a sudden transition to the
state of another solution. We have computed the proba-
bility of tunneling in terms of the Euclidean action that
corresponds to the Euclidean instanton that connects the
two Lorentzian states of the universe. Moreover, two
or more instantons can be matched to form double and
generally speaking multiple instantons that would be the
quantum origin of the entangled states between two or
more universes.
We have obtained the quantum states of the branches
of the universe, both in the formalism of the Wheeler-
DeWitt equation and in the third quantization formal-
ism. Within the former, we have analyzed the creation
of a single universe from the spacetime foam, being this
represented in the model by a quantum superposition of
relative states between the quantum states of the space-
time and the quantum states of the scalar field. We have
obtained that the quantum state of an evolved universe,
for which the quantum fluctuations of the spacetime are
frozen out, describes the quantum mechanics of a scalar
field propagating in a deSitter spacetime background. We
have also shown that the superposition principle of the
quantum mechanics of matter fields alone is an emergent
feature of the semiclassical description of the universe.
We have shown that within the third quantization for-
malism the most natural way in which the universes are
created is in entangled pair of branches, each one associ-
ated to the positive and negative values of the momenta
conjugated to the scalar field. Their quantum states are
given by the complex pairs of WKB solutions of the
Wheeler-DeWitt equation. It parallels the creation of
entangled pairs of particles with opposite momenta in a
quantum field theory. However, the momenta conjugated
to the scale factor is related to the expansion rate of the
universes and thus, the opposite signs of the momenta for
the newborn universes correspond to the opposite expan-
sion rates in terms of a common time variable t. Never-
theless, in terms of the WKB time variable, which would
be the time variable measured by internal observer in
their particle physics experiments, the two universes are
both contracting or expanding. It means that the uni-
verses are created in entangled pairs of both expanding
or both contracting branches.
We have defined the appropriate vacuum state for the
quantum description of the wave function of the multi-
verse. It corresponds to the stable no-universe state for
all values of the scale factor. However, in the invari-
ant representation the multiverse is described in terms
of pairs of interacting universes whose non-local interac-
tions are high at the creation of the universe to decrease
as the universes expand and become large parent uni-
verses like ours. The effective value of the frequency of
their quantum states, which is ultimately related to the
Friedmann equation, is then significantly modified by the
entanglement introducing a pre-inflationary stage in the
evolution of the universes. It is worth noticing that a
modification of the Friedmann equation that would entail
the appearance of a pre-inflationary stage of the universe
might produce a suppression of the lowest modes of the
power spectrum of the CMB provided that inflation does
not last for too long [76, 77]. It would be a way to test
the effects of the multiverse in a more realistic model of
the multiverse.
We have analyzed as well the effects of the entangle-
ment between the modes of the scalar field that propa-
gate in each spacetime of the entangled pair of universes.
The quantum state of the scalar field in one of the uni-
verses turns out to be given by a quasi-thermal distri-
bution whose time dependent temperature depends on
the rate of entanglement between the two universes. The
large modes of the scalar field are unaware of the en-
tanglement between the two universes. For the lowest
modes, however, the effect can be significant. It means
that at short distances the effects of the inter-universal
entanglement are negligible but they become important
at distances of order of the Hubble length, which agrees
with the result obtained in [42].
We have computed the rate of particle creation. The
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largest modes of the scalar field remain in the vacuum
state along the evolution of the field and there is thus no
particle creation for these modes. For the lowest modes
the number of created particles grows exponentially in
time during the exponential expansion of the universe,
a result that can be related to that obtained by Gr-
ishchuk and Sidorov [86] in the context of gravitational
waves. We have computed the thermodynamical mag-
nitudes that are associated to the thermal state of the
scalar field that propagates in one of the universes. The
density energy of entanglement becomes more important
during the early stage of the evolution of the universe
and it decreases to zero for a large parent universe like
ours. Then, the effective value of the Friedmann equation
would have three contributions. One is the initial energy
density of the universe. The second is the energy density
of entanglement between the spacetimes of the universes,
and the third one is the energy of entanglement between
the spatial modes of the original scalar field ϕ(t) that
propagates in the entangled spacetimes.
We have also computed the spectrum of fluctuations of
the entangled scalar field and it has been compared with
the spectrum of fluctuations of the vacuum state of a non-
entangled scalar field. For the largest modes the effect
would be unobservable. However, the inter-universal en-
tanglement would have an important effect in the lower
modes. In terms of the physical distance, the effect of
entanglement is unobservable for distances both much
larger and much shorter than the Hubble length. How-
ever, the spectrum of fluctuations of the field in the case
it is entangled with the scalar field of the partner space-
time significantly departures from that of an unentangled
universe at distances of order of the Hubble length, which
would entail a distinguishable effect of the multiverse in
the properties of the CMB.
This work opens the door for the search of these and
other imprints of the multiverse in the properties of our
universe by applying the same formalism to more real-
istic models of the universe and compare the outcomes
with the astronomical data provided by the current and
forthcoming space missions. Finally, let us also notice
that the very existence of the multiverse is essentially
derived from the subjacent physical theory, whether this
is a string theory or a quantum theory of gravity. There-
fore, if we finally find observable figures of the multiverse
in the properties of our universe, then, they can be used
to test these most fundamental theories.
Acknowledgments
Appendix A: Euclidean action integral (75)
Let us consider the integral
I =
∫ a+
a−
√
−H¯2a4 + a2 − C¯
=
1
H¯
∫ a+
a−
H¯2a4 − a2 + C¯√
(a2+ − a)(a2 − a2−)
, (A1)
where a2− ≡ a1,− and a2+ ≡ a2,+ are given by Eqs. (49)
and (50), respectively, and H¯ and C¯ are given by (51-52).
Let us use the following change
x2 = 1− a
2
a2+
, (A2)
then, the integral (A1) transforms into
I =
1
H¯a+
√
a2+ − a2−
∫ 1
k
0
dx
A4x
4 +A2x
2 +A0
R
, (A3)
where
R =
√
(1− x2)(1− k2x2), (A4)
with, k2 = a
2
+
a2+−a2− , and
A4 = −H¯2a4+, (A5)
A2 = 2H¯
2a4+ − a2+, (A6)
A0 = −H¯2a4+ + a2+ − C¯. (A7)
Taking into account that [87]
0 =
∫ 1
k
0
d(xR) = 3k2
∫ 1
k
0
dx
x4
R
−2(1+k2)
∫ 1
k
0
dx
x2
R
+
∫ 1
k
0
dx
R
,
(A8)
we arrive at
I =
1
k2H¯a+
√
a2+ − a2−
{(
2(1 + k2)
3k2
A4 +A2 − A4
3
+A0k
2
)
F (q, k)−
(
2(1 + k2)
3k2
A4 +A2
)
E(q, k)
}
, (A9)
where, q = arcsin 1k . In the particular case for which
H1 = H2 ≡ H and C1 = C2 ≡ C, then (A7) vanishes
and
I = − 1
3k2(1− 4CH2) 14
{
CF (arcsin
1
k
, k)− a2+E(arcsin
1
k
, k)
}
.
(A10)
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